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In chiral effective field theory the leading order (LO) nucleon-nucleon potential includes two
contact terms, in the two spin channels S = 0, 1, and the one-pion-exchange potential. When the
pion degrees of freedom are integrated out, as in the pionless effective field theory, the LO potential
includes two contact terms only. In the three-nucleon system, the pionless theory includes a three-
nucleon contact term interaction at LO whereas the chiral effective theory does not. Accordingly
arbitrary differences could be observed in the LO description of three- and four-nucleon binding
energies. We analyze the two theories at LO and conclude that a three-nucleon contact term is
necessary at this order in both theories. In turn this implies that subleading three-nucleon contact
terms should be promoted to lower orders. Furthermore this analysis shows that one single low
energy constant might be sufficient to explain the large values of the singlet and triplet scattering
lengths.
I. INTRODUCTION
Strong efforts have been done in recent years to deter-
mine the nuclear interaction from first principles. The
starting point is an effective Lagrangian in terms of the
relevant degrees of freedom, nucleons and pions, main-
taining the symmetries of the strong interaction, and a
perturbative framework named chiral perturbation the-
ory (ChPT) (see Refs. [1, 2] and references therein). This
setting allowed to construct two and three-body inter-
actions up to next-to-next-to-next-to-next leading order
(N4LO). Though potentials up to N5LO have been stud-
ied [3, 4], at present most of the calculations in finite nu-
clei and infinite nuclear matter have been done with the
nucleon-nucleon (NN) interaction up to N3LO and the
three-nucleon interaction up to N2LO. At LO the chiral
perturbative expansion includes two contact terms, char-
acterized by the low energy constants (LECs) CS and
CT governing the (spin) singlet and triplet s-waves, and
the (regularized) one-pion-exchange potential (OPEP).
At very low energies the pion degrees of freedom can
be integrated out resulting in what is called pionless ef-
fective theory [5]. At LO this theory includes only two
contact terms without the inclusion of the pionic tail. In
the low energy regime the chiral and pionless effective
theories should be equivalent. In fact both theories have
two LECs to be determined by two observables, such as
e.g. the singlet and triplet scattering lengths, implying
an equivalent description of the low energy s-wave scat-
tering. Since the OPEP tail includes the tensor inter-
action, small differences between the two theories arise
from those observables depending on the d-state com-
ponent of the deuteron as for example the quadrupole
moment. However these quantities are small and can be
considered to be inside the theoretical error produced by
the truncation of the perturbative expansion at LO. Ac-
cordingly both theories give an equivalent description of
the two nucleon system at LO.
The extension to the three-nucleon sector produces a
drastic difference between the two theories and this is
the motivation of the present investigation. In chiral per-
turbation theory there is no new term at LO when the
three-nucleon system is considered [6]. Accordingly the
LO NN potential used in the two-body system has to be
used to describe the three-body system without the in-
clusion of any new LEC. Conversely, and it is well known
from Efimov physics, the pionless theory includes a con-
tact three-body force at LO with a new LEC that can be
used to determine the energy of the three-nucleon bound
state [7]. Assuming that there are no other many-body
forces at LO, systems with A ≥ 3 are described in the LO
pionless theory with a sum of a two- plus a three-body
term whereas the LO chiral potential consists only in a
two-body term. Since the new LEC can be used to fix
the triton binding energy, we expect a better description
of the 3H, 3He and 4He binding energies using the LO
pionless potential than using the LO chiral one. As a re-
sult, the pionless expansion can be expected to converge
better than the chiral one. In principle there is no contra-
diction: ChPT, being a more microscopic theory, yields a
more economic description, with less unknowns than the
pionless theory; differences in the convergence pattern
are also expected, as the perturbative expansions are dif-
ferent in the two theories (e.g. the expansion parameters
are different). Nevertheless we consider this situation as
undesirable from a practical point of view, and think that
this difference in the description of the s-wave nuclei at
LO needs a deeper analysis.
At the base of the difference between the two theories
is the fact that the singlet and triplet scattering lengths
a0 ≈ −24 fm and a1 ≈ 5.4 fm are large with respect to
the range of the nuclear interaction rN ≈ 1.4 fm. A direct
consequence is the shallow characteristic of the deuteron
binding energy Ed ≈ ~2/ma21 with corrections in powers
of the small quantity r1eff/a1, with r
1
eff ≈ rN the ef-
fective range in the triplet state. The existence of large
scattering lengths puts the two-, three- and four-nucleon
systems inside a window in which the concepts of the
Efimov physics can be applied (see Refs. [8, 9] for a re-
cent discussion). This physics describes systems close to
the unitary limit, a0, a1 → ∞, using a zero-range the-
ory. In this limit the three-body system is characterized
by an infinite series of excited states, called Efimov ef-
fect [10, 11]. Close to the unitary limit there is no length
scale and the three-body contact term is needed to stabi-
lize the system against variations of the cutoff introduced
at the two-body level to regularize the theory. It could
be thought that since the OPEP tail introduces a length
scale there is no need for a three-body counter term to
stabilize the theory even if the system is close to the
unitary limit. However, as we are dealing with shallow
states, the inclusion of the potential tail is in competition
with the zero-range description suggested by the large
values of the scattering lengths. Accordingly there is a
noticeable sensitivity to variations of the cutoff, though
smaller compared to the pionless case, not completely
dampened by the inclusion of the OPEP tail.
II. NUMERICAL ANALYSIS
We perform a numerical analysis of both theories at
LO in order to assess the necessity of including a three-
body force at LO in both theories. We start analyzing
the two body sector. The LO effective Hamiltonian for
two nucleons can be put in the form
HLO = −~
2∇2
mN
+ Vsr + Vπ (1)
where Vsr is the (regularized) short-range contact inter-
action and Vπ is the OPEP. The short-range interaction,
considered to act in s-waves, has a spin dependence and
can be written as
Vsr = CSVc + CTVσσ1 · σ2 . (2)
Using a local gaussian regulator, the two potentials Vc
and Vσ have the following form
Vc = Vσ = V0(r) = e
−r2/r2
0 (3)
with Λ0 = 1/r0 the cutoff parameter. Vπ reads
Vπ(r) = τ1 · τ2 [σ1 · σ2Yβ(r) + S12Tβ(r)] (4)
with the regularized factors (x = mπr)
Yβ(x) =
g2Am
3
π
12πF 2π
e−x
x
(1− e−r2/β2)
Tβ(x) =
g2Am
3
π
12πF 2π
e−x
x
(1 +
3
x
+
3
x2
)(1− e−r2/β2)2 .
(5)
Here mπ = 138.03 MeV is the average pion mass, gA =
1.29 is the nucleon coupling constant and Fπ = 2fπ =
184.80 MeV is the pion decay amplitude.
Using HLO, we solve the two-nucleon Schro¨dinger
equation for different values of the cutoff Λ0 and the reg-
ulator parameter β. For each case the two LECs CS
and CT are selected in order to reproduce the two scat-
tering lengths, a0 and a1. It should be noticed that in
the case β → ∞ the chiral Hamiltonian HLO tends to
the pionless one. In this case the coupling constants
C0 = CS − 3CT and C1 = CS + CT , corresponding to
spin channels S = 0, 1 respectively, can be expanded in
powers of the small parameters r0/aλ as
C˜λ =
√
π
2
mr20
~2
Cλ = C∞
(
1 + α1
r0
aλ
+ α2(
r0
aλ
)2 + . . .
)
(6)
with λ = 0, 1 and C∞ = 2.379 [12, 13]. The pure num-
ber 2.379 is universal and gives the value of the cou-
pling constant at the unitary limit. It also gives the ratio√
πmr20Cλ/(2~
2) at the scaling limit, r0 → 0. Eq. (6)
maps the renormalization group (RG) trajectories as the
interaction approaches the scaling limit. In Fig. 1 the
different trajectories are shown as a fit of the results,
given by the solid circles (S = 0 state) and empty cir-
cles (S = 1 state), as a function of r0/aλ for different
values of β. In all cases C∞ is independent of the spin
state and of the regulator β and represents the fixed point
to which all trajectories flow. Moreover, in the case of
β →∞ the calculations of the spin S = 0, 1 states lie on
a single trajectory. The fact that all trajectories converge
to the same fixed point can be seen as an indication that
both theories, pionless and chiral, need a three-body con-
tact interaction to stabilize the three-body energy against
variations in the cutoff Λ0 (see below).
We extend our analysis to the three- and four-nucleon
systems. The effective potential is∑
i6=j
[Vsr(i, j) + Vπ(i, j)] +
∑
i6=j 6=k
W (i, j, k) (7)
where we have added a (regularized) contact three-body
term of the form
W (i, j, k) =W0e
−r2ij/r
2
0e−r
2
ik/r
2
0 . (8)
In first place we calculate the 3H energy, B(3H), consider-
ing only the two-body potential terms for different values
of r0 and β. The results are shown in Fig. 2 as a function
of the regulator of the OPEP β. The limit β →∞ corre-
sponds to the pionless theory whereas the lowest value,
β = 1.0 fm, is well inside the region compatible with the
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FIG. 1. Color online. RG trajectories of the coupling constant
C˜λ as a function of the inverse cutoff parameter r0 in units
of the singlet (λ = 0, negative values) and triplet (λ = 1,
positive values) scattering length aλ for different values of
the regulator β.
formation of the OPEP tail. We observe a noticeable
spread in B(3H) for all the r0 values considered, more
pronounced as β → ∞. In the figure, the lowest result
(≈ −18 MeV) corresponds to the shortest range consid-
ered as expected due to the Thomas collapse. For the
lower values of β the spread in B(3H) is reduced, but not
enough to judge the inclusion of the OPEP tail sufficient
for a stable description of B(3H) at LO. It should be no-
ticed that extending the analysis to shorter values of r0
the spread increases more and more. So we can conclude
that the reduction of the spread in the three-nucleon en-
ergy when the OPEP tail is included is not significant, a
three-body contact term is needed in both cases, pionless
and chiral, to stabilize the results.
In Fig. 2 the (red) solid squares indicates those val-
ues of the LECs verifying C1 = C0 which implies
that the short-range potentials includes only the cen-
tral term, Vsr = CSVc. This case corresponds to con-
sider the Wigner spin-flavor symmetry SU(4)W , which
in turn is justified in the context of the large Nc limit of
QCD [14, 15]. Thus, for the corresponding values of the
cutoff β, the difference between the singlet and triplet
scattering length is entirely ascribed to the presence of
the OPEP tail. Finer cutoff effects change the conclu-
sion, but they may be considered to lie beyond the LO
picture. It is reassuring to see that the fine-tuning which
brings the NN system close to the unitary limit in both
spin channels is only due to one single LEC, CS .
As suggested from Efimov physics and pionless the-
ory, we include now the (regularized) three-body contact
term, given in Eq.(8). We solve the Schro¨dinger equation
with two and three-body forces for the different values of
r0 and β, with the strength W0 fixed in such a way that
in all cases B(3H) = −8.48 MeV. At this point predic-
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FIG. 2. Color online. The triton energy B(3H) as a function
of the regulator β for different values of the potential range r0.
The (red) squares indicate the results obtained with C1 = C0
corresponding to the SU(4)W symmetry.
tions can be done for the doublet and quartet N − d
scattering lengths, 2and
4and, the corresponding low
energies phases and the 4He energy, B(4He). As it is
well known 4and is correlated to the deuteron binding
energy whereas 2and and B(
4He) scale to some extent
with B(3H). We have calculated the doublet and quar-
tet nd scattering lengths. In the first case we obtain
values of 2and ≈ 0.3 ÷ 0.5 fm, showing some spread in
the results and, taking into account that this is a LO de-
scription, we consider these results compatible with the
experimental value of 2and = 0.65 ± 0.01 fm [16]. For
the quartet case the results are much stable, in all cases
we obtain 4and ≈ 6.35 fm in complete agreement with
the experimental result. Results for the 4He energy are
shown in Fig. 3 as a function of the regulator β with
and without the three-body interaction. Different val-
ues of the potential range r0 have been considered, when
the three-body term is included the r0 values are indi-
cated in the box whereas it is explicitly shown on the
curves when the three-body term was not considered. In
the first case we observe some spread around the exper-
imental value of −28.3 MeV, however the experimental
energy is well described, within a 10% accuracy. With-
out the inclusion of the three-body LEC the results show
an extremely large spread making the pionless and chi-
ral results arbitrarily different. In the figure the case
C1 = C0, verifying the Wigner spin-flavor symmetry is
shown with solid (red) squares. Moreover, for B(4He),
the potential energy mean value of the two-body contact
terms is around five times greater than the OPEP mean
value which in turn is of the same order of magnitude of
the three-body contact term mean value. For all these
observations we conclude that a LO three-body force is
needed in both theories.
What we want to stress here is the consequence of pro-
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moting the three-body contact term to LO in the chi-
ral expansion of the nuclear interaction. In the normal
counting the three-body contact term considered here at
LO, and usually called cE-term, appears at N2LO to-
gether with the cD-term, a two-body contact term plus a
pion exchange (see Ref. [1]). At N2LO two-pion exchange
terms appear governed by the constants c1, c3 and c4. At
this level of the chiral expansion the new LECs are cE
and cD. Numerical values were determined in the litera-
ture from a fit to observables as for example B(3H) and
2and. In these fits usually the NN two-body potential was
considered at N3LO. Consistency between the two- and
three-body forces requires to construct the three-body in-
teraction at N3LO [17, 18]. At this level however no new
LECs appear. First applications of the complete N3LO
nuclear interaction have addressed the description of the
three-nucleon scattering, however some problems still re-
main in those observables governed by P -waves [19]. This
is an indication that spin structures appearing at higher
orders could be important parts of the three-nucleon in-
teraction.
Parallel to this analysis the contact three-body force
at N4LO has been discussed in Ref. [20]. In this study
it was shown that the N4LO subleading contact interac-
tion has 10 new LECs with the explicit expression given
in that reference. The arguments given here to promote
the cE term at LO entails a corresponding promotion
of the N4LO subleading contact terms at N2LO, since
they merely specify finer details of the short-distance in-
teraction, of relative order O(p2) compared to the LO
one. Accordingly the three-body force at N2LO will have,
in addition to the cE appearing at leading order, the
contact-one-pion LEC cD plus the 10 LECs of the sub-
leading terms. This mechanism will improve the conver-
gence of the ChPT since it increases the accuracy of the
nuclear potential at N2LO which, considering only the
two-body part, has sufficient flexibility to describe NN
phases with a χ2 per datum ≈ 1 up to 125 MeV lab en-
ergy [21]. It is thus sensible to investigate the three- and
four-nucleon continuum using a N2LO interaction with
two- and three-body forces having in the three-body in-
teraction 12 independent LECs. The capability of the
new terms to improve the theoretical description of spin
observables has been recently investigated [22]. A more
extended analysis is underway.
III. LEADING ORDER FORMULATION FOR
SHALLOW STATES
In the following we analyze the consequences for the
power counting of the additional scale introduced by the
shallow characteristic of the deuteron binding energy. It
is worth noticing that, while the underlying (approxi-
mate) chiral symmetry of strong interactions allows to
explain the hierarchy of many-body forces, it has little to
say about the large cancellation between the kinetic and
potential energy produced in shallow states. On the ba-
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FIG. 3. Color online. The B(4He) binding energy as a func-
tion of the regulator β for different values of the potential
range r0 with and without the three-body interaction. In the
first case the r0 values of the different curves are given in the
box. The curves are very close to each other and are almost
indistinguishable. In the second case the curves are well sep-
arated and the r0 values are explicitly shown on the curves.
The (red) squares indicate the results obtained with C1 = C0
corresponding to the SU(4)W symmetry.
sis of chiral counting both kinetic and potential energies
are expected to be of order O(p2/Λ) ∼ m2π/Λ ∼ 20 MeV,
while the sum of the two is smaller by one order of mag-
nitude in the deuteron (here mπ is the pion mass and
Λ ≈ 1 GeV is the high momentum scale, see below).
Whether this fine tuning is an accident or depends on
some underlying physics is a question that need not con-
cern us for the present discussion. In order to provide a
rationale for the promotion of a three-body contact term
to LO, we have to incorporate the small scale ǫ ∼ 1/a
associated with the large scattering length a into the ef-
fective theory. It is well known that the Goldstone boson
character of pions allows to estimate the size of interac-
tion Lagrangians as
L = cℓmn
(
N¯ ...N
f2πΛ
)ℓ(
π
fπ
)m(
∂µ,mπ
Λ
)n
Λ2f2π , (9)
with dimensionless rescaled LECs cℓmn ∼ O(1) under
the hypothesis of naturalness. This is called na¨ıve di-
mensional analysis [23] (cfr. also [24]). fπ is the scale
of Goldstone bosons’ fields, and sets the chiral symmetry
breaking scale as Λ ∼ 4πfπ, with the factor 4π com-
ing from momenta integrations. Λ represents the mass
scale of hadrons unprotected by chiral symmetry, e.g.
Λ ∼ mN , the nucleon mass. The scaling of each factor in
the above formula can be simply obtained by applying it
to the LO Lagrangian of interacting pions and nucleons
[24]. The same can be done in a regime in which pions
play no role, only nucleons are present, and a relevant
scale is identified in ǫ. The free nucleon Lagrangian is
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not enough to constrain the scaling of nucleon fields and
derivatives. We also need an interaction term,
L/π0 = N¯(i∂µγµ −mN )N −
D0
2
(N¯N)2, (10)
with the contact LEC D0 related to the scattering length
as D0 ≈ 4πa/mN ∼ 4π/mN ǫ ∼ 1/(fπǫ), and fπ serving
here only a mnemonic purpose. This fixes uniquely the
scaling of individual fields in the Lagrangian,
L = cℓmn
(
N¯...N
fπΛǫ
)ℓ(
π
fπ
)m(
∂µ,mπ
Λ
)n
Λ2fπǫ. (11)
We then see that contact terms are naturally enhanced
by the small scale ǫ, e.g. a three-nucleon contact term
would have a natural LEC cE of order cE ∼ 1/(f2πΛǫ2);
in a combined small momenta and small ǫ expansion, it
would have to be promoted to lower orders. The na¨ıve
dimensional analysis is recovered imposing that ǫ is nat-
ural, i.e. ǫ ∼ O(p) ∼ fπ. The two forms are not in con-
tradiction since, in a matching between the two regimes,
there could be dimensionless ratios of the two scales ǫ/fπ
restoring the proper scaling. Thus we see that, allow-
ing ǫ to be smaller than natural, pion-range interactions
should actually be regarded as small compared to con-
tact interactions, in agreement with the so-called KSW
counting [25]. Therefore, if a three-body parameter is
needed at LO in the pionless theory, the same is true
in the chiral effective theory. The increased importance
of contact interactions in ChPT would also explain the
crucial role they play for the construction of phenomeno-
logically realistic interactions, both in the two- and three-
nucleon sector, as well as in the nuclear interactions with
external electroweak probes. The proposed mechanism of
promotion of contact terms, contrary to arguments based
on the non-perturbative renormalization of the one-pion-
exchange potential [26–28] doesn’t rely in any way on the
role of pions. It just reflects the fact that the scattering
length is larger than natural. In particular it is conceiv-
able that, in a theory with no spontaneous chiral symme-
try breaking, as in the case of QCD with one single flavor,
gauge interactions (which are flavor-blind) could lead in
principle to a similar scenario of quasi-universality.
IV. CONCLUSIONS
In the present work we have discussed two aspects of
the two-, three- and four-nucleon systems in a LO de-
scription. The main conclusion is that the cE term ap-
pearing in ChPT at N2LO has to be considered at LO
due to the same situation already analyzed in pionless
theory (or Efimov physics) and related to the Thomas
collapse. This promotion has the consequence of moving
to lower orders subleading contact terms, increasing the
number of LEC’s and allowing for a faster convergence of
the perturbative series. A second point regards the un-
usual large values of the two-nucleon scattering lengths in
singlet and triplet states. It was shown that, considering
the Wigner spin-flavor symmetry, the single LEC associ-
ated to the central short-range potential, in combination
with the OPEP is responsible for these large values. This
observation reduces, to some extent, the amount of fine-
tuning required to explain the closeness of the nuclear
interaction to the unitary limit.
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